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; Abstract 

I We show that the representation, introduced by Lawrence and Krammer to 

. show the linearity of Braid groups, is generically irreducible, but for that for 

some values of its two parameters when these are specialized to complex num- 
bers, it becomes reducible. To do so, we construct a representation of degree 
^^"^'^^ of the BMW algebra of type An-i inside the Lawrence-Krammer space. 
^ ' As a representation of the Braid group on n strands, it is equivalent to the 

I Lawrence-Krammer representation where the two parameters of the BMW al- 

' gebra are related to the two parameters of the Lawrence-Krammer represen- 

tation. We give the values of the parameters for which the representation is 
reducible and give the proper invariant subspaces in some cases. We use this 
representation to show that for these special values of the parameters and other 
values, the BMW algebra of type An-i is not semisimple. 



1 Introduction 



■ 1.1 Introduction and main results 



In ||5j, Daan Krammer constructed a representation of the Braid group in order 
to show that it is linear. Since this representation was earlier introduced by 
Ruth Lawrence in 16], it is called the Lawrence-Krammer representation. In 
this paper, we examine a representation of degree ^'^^'^^^^ of the BMW algebra 
of type An-i in the Lawrence-Krammer space. As a representation of the Braid 
group on n strands, it is equivalent to the Lawrence-Krammer representation 
(abbreviated L-K representation). By studying this representation we show 
that the L-K representation is generically irreducible but that for some values of 
its two parameters when these are specialized to complex numbers, it becomes 
reducible. Throughout the paper, we let /, m and r be three nonzero complex 
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parameters, where m and r are related by m = ^ — r. We define 'HF,r^ {n) 
as the Iwahori-Hecke algebra of the symmetric group Sym{n) over the field 
F = <Q{1, r) with generators gi, . . . , gn-i, that satisfy the Braid relations and 
the relation g| + mgi = 1 for all i. Our definition is the same as the definition 
of [8 J after the generators have been rescaled by a factor ^ . Our main result is 
as follows. 

Theorem 1. (Main theorem) 

Let n be an integer with n > 3 and let m, I and r he three nonzero complex parameters, 
where m and r are related by m ~ ^ — r. Assume that H (n) is semisimple, and so 
assume that r"^^ ^ 1/or every integer fc e {1, . . . , n}. 

]Nhen n > 4, the Lawrence-Krammer representation of the BMW algebra of type 
An-i with parameters I and m over the field Q{l,r) is irreducible, except when I G 
{r, -r^, 75^, -:pkj}, when it is reducible. 

When n = 3, the Lawrence-Krammer representation of the BMW algebra of type 
A2 with parameters I and m over the field Q{l,r) is irreducible, except when I e 
{—'T^^ TTT, 1, — 1}/ when it is reducible. 

A consequence of this result and of the method that we use is the following. 

Theorem 2. 

Let n be an integer with n > 4 and let I, m and r be three nonzero complex parameters, 
where m and r are related by m = ^ — r. 

Suppose n > A. If r"^^ = \ for some k G {2, ... ,n} or if I belongs to the set of val- 
ues {r,~r3,p^,-p^,^^,-r2"-3,r"-3,-r"-3,;^,-i}, the BMW algebra 
of type An-i with parameters I and m over the field Q{1, r) is not semisimple. 
(Case n = 3). Ifr^ = 1 or r*^ = 1 or if I g {-r^, 1, -1}, the BMW algebra of type 
A2 with parameters I and m over the field Q{l,r) is not semisimple. 

In fTT^, Wenzl states that the BMW algebra of type An-i is semisimple except 
possibly if r is a root of unity or I = r", for some n G Z. Here, Theorem 2 gives 
instances of when the algebra is not semisimple. The result of this theorem is 
also contained in the recent work of Hebing Rui and Mei Si (see [lOJ). They use 
the representation theory of cellular algebras. 

1.2 The method 

We show that the action on a proper invariant subspace of the Lawrence-Krammer 
space must be an Iwahori-Hecke algebra action. 

First, we study the Iwahori-Hecke algebra representations of small degrees 
and investigate wether they may occur inside the L-K space and if so for which 
values of / and r. We will denote by V*^"' the L-K space. We show that if there 
exists a one-dimensional invariant subspace inside V it forces the value 
for I, except when n = 3 when it forces / G {—r^, -k}- Conversely, 
for these values of I and r, there exists a one-dimensional invariant subspace 
of V'"' and the representation is thus reducible. Similarly, we show that if 
there exists an irreducible (n — 1) -dimensional invariant subspace inside V*^"^, 
it forces I — or / = in the case when n / 4 and I G {—r^, 7,-7} 

in the case when n = 4. Conversely, for each of these values of I and r, there 
exists an irreducible (n — l)-dimensional subspace of V*^"-*, which shows the 
reducibility of the representation in these cases as well. 
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Second, we identify a proper invariant subspace of V*^"'' which is nontrivial 
when I = r (case n > A) or I = —r^ . This shows that the representation is also 
reducible in these cases. 

Third, we study in detail the small cases n e {3, 4, 5, 6}. 

At last, when n > 7, we use a result from representation theory: the ir- 
reducible representations of Hp^r^in) have degrees 1, n — 1, HilLpQ.^ (n-iKn-2) 
or degree greater than ("~iH"~^) ^ except in the case n = 8, when they have 
degrees 1, 7, 14, 20, 21 or degrees greater than 21. We use this fact, and pro- 
ceed by induction on n > 5 to show that if V'"^ is reducible, it forces I G 
{r, —r^, , pr=T, ——^}- To do so, we use the fact that if the dimension of 
a proper invariant subspace W of V'"-' is large enough, then the intersections 
W n v("-i) and W n v("-2) are nontrivial. 



1.3 Definitions 
1.3.1 The BMW algebra 

We recall below the defining relations of the BMW algebra B{An-i) (or sim- 
ply B) of t5rpe An-i with nonzero complex parameters I and m over the field 
Q{1, r), where r is a root of the quadratic — mX + 1. This algebra has two 
sets of (n — 1) elements, namely the invertible g/s that satisfy the Braid rela- 
tions (1) and (2) and generate the algebra and the e/s that generate an ideal. 
For nodes i and j with 1 < i, j < n — 1, we will write i ^ j if \i — j\ = 1 and 
i7^jif\i-j\ >2. 

ifi^j (1) 
ifz^j (2) 

- m 5i — 1) for all i (3) 

for all i (4) 
ifi^j (5) 

We will also use some direct consequences of these defining relations (see [2)/ 
Proposition 2.1): 

Giffi — l~^ei for alH (6) 



9i9j 


= 9j9i 


9i9]9i 


= 9j9t9j 






ei 


— — * (( 




m 


9iei 




^i9j 


= lei 
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= 1 — mgi + ml for all i (7) 

= gi + m — m ei for alH (8) 

as well as the following "mixed Braid relations" (see [2J, Proposition 2.3): 

gigjCi = CjCi ifi^j (9) 

giCjCi = gjd + m{ei - BjCi) if i j (10) 

This algebra was shown by Morton and Wassermann to be isomorphic to the 
tangle algebra of Morton and Traczyk (see [9J). All the algebraic relations given 
in this paper have a geometric formulation in terms of tangles. In particular, 
we will use the tangles in §3.4. 



3 



1.3.2 The Lawrence-Krammer space 

We now recall some terminology associated with root systems of type 
Let M = (my)i<i<j<„_i be the Coxeter matrix of type 

Let («!, . . . , ckn-i) be the canonical basis of M"^^ and let's define a bilinear form 
Bm over R"-i by: 

BM{ai,aj) = -cos( ] 

By the theory in 1 1 1, Bm is an inner product that we will simply denote by ( | ). 
Let Ti denote the reflection with respect to the hyperplane Ker(Q;i|.) of ]R"~^ 
and so: 

Vx e R""\ ri{x) 2{a,\x) a, 

Finally, let 0+ denote the set of positive roots: 

0+ = {«!, q;2, a2 + Q;i,a3, as + q;2, as + q;2 + ai, . . . , 

an-l, an-l + 0ln-2,0ln-l + 0,1-2 H 1" Q^l} 

We define V'"' as the vector space over r) with basis the xp's, indexed by 
the positive roots /? G 0+. Thus, dimi?V'"' ~ \4>'^\ = "''"2^"'""' ■ The so-defined 
space V^"-' is the Lawrence-Krammer space. 

To each positive root, we associate an element of the BMW algebra in the fol- 
lowing way: 

• To ai we associate ei. 

• To ai — ri_i ... riTi . . . r2{ai), we associate the algebra element 

gi-i . . . giQi . . . 17261, which after using the defining rules (1) and (9) above 
simplifies to . . . ei. 

• To ttj + • • ■ + Q^i = Tj . . . Ti+i [ai) where j >i + \, we associate the algebra 
element 5j . ..gi+iCi ...ei. 



2 The representation 
2.1 The BMW left module 

In what follows, F still denotes the field Q{1, r) and H denotes the Hecke al- 
gebra of the symmetric group Syra{n — 2) over the field F with generators 
53, . . . , (7„_i and relations the Braid relations and the relations gf + mgi = 1 for 
each i. As + mr — 1 = 0, our base field is a one-dimensional iJ-module for 
the action given by . 1 = r for every integer i with 3 < i < n — 1 . We define 
Bi as the quotient of two left ideals of B: 

Bi = Bei/ < Baei >i=3...„-i 

Since Ci commutes with ej for any i 7^ j, we have for each node i with 3 < i < 
n — 1: 

ei{g1 + mgi-l) = —eie., = in Bi 
m 
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Then, Bi is a right H-module. Thus, Bi is a left B-module and a right H- 
module. Since F is an iJ-module, we get a left S-moduIe by considering the 
tensor product 

Bi ^hF 

This S-moduIe is precisely the left representation of B that we study in this 
paper. Its degree is nilLzi) since by the forthcoming computations, we have: 

Bi = SpariF (ei, 6261,5261, 636261,536261,535261, . . . , 

e„_i . . . 61, 5„_ie„_2 . . . 61, 5„_i . . . 5261). if 

We will denote by B the spanning set above. The action of the g/s on the 
elementary tensors 6 1, where b € B, was computed in section 2.2 below. 
These computations show in particular that if Gi (n) denotes the matrix of the 
left action of 51 on the vectors 

61 (g)^ 1, 6261 (g)^ 1, 5261 (gljj 1, 636261 1, 536261 (g)^ 1, 535261 (g^ 1, . . . , 

6„_i ... 61 (g^ 1, 5„_i6„_2 ... 61 (g^ 1, 5„_i . . . 5261 (g„ 1 

of Bi iS>H F, and if det Gi (n) denotes its determinant, we have: 
detGi(3) = -J 

detG'i(n) = -r"-MetGi(n - 1) Vn > 4 

Thus, the determinant of Gi{n) is nonzero, which shows that these vectors are 
linearly independent. 

We notice that there is a bijection between B and the set of positive roots (j)'^, as 
described in the previous section. Let's name this bijection u. 

2.2 The action by the g^'s 

We describe further the representation by computing the action of the 5fe's on 
the elementary tensors b (gij 1, where b is an algebra element in the spanning 
set B. An element 6 of S is of the form: 

gj ... gi+iCi ...ex with i>i>\ (or simply 5j,i+iei,i) (7) 

that we will refer to as of type (/), or of the form: 

. . . ei with i > 1 (or simply ei,i) (//) 

referred to as of type (//). 

For i > j, we set gij = gi . . . gj and Cij = Ci . . . Cj, where gi_i and e^.i are simply 

gi and respectively. When i < j, we define gi,j to be the identity. 

In what follows, we fix i and j as in (J) and (//). There are several cases. 

2.2.1 Action by 5,-1 (Case A) 

Let's first compute the action of 5,-1 for i > 2 on elements of both types. We 
have for the type (/): 

9i-i-b = 5j,i+i5j_iei,i by(l) 

= 5j,iei-i,i +m6i_i,i5j,i+i -m5j,i+i6i,i by (10) and (1) 
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And for the type (//): 

gi-i-b = 5iei_i4 + mei_i,i - mei,i by (10) 

Thus, we get: 



-i.{b(g>„ 1) 



giei-1,1 ®^ 1 + TO ei_i,i ®„ 1 - TO ®^ 1 



where the first line refers to type (/) and the second line to type (//). For future 
references, we name these two equalities A{I) and A{IT) respectively. 

2.2.2 Action by gi (Case B) 

We have for types (I) and (II) respectively: 

gt-b = .gj,i+2ej+i,i by (9) 

g^.b = r^Ci,! by (4) 



Thus, we get: 



Bill) 

Notice that if j = « + 1, expression B{I) reduces to ei+i_i ®^ 1. 

2.2.3 Action by g,j (Case C) 

Let's first deal with Type (I). We have by (7): 

9r^ = 5j-i.j+iei,i - n^.9j,-i+iei,i + ml^'^ e^gj^iA+iCi^i 

We will rearrange the last term of the sum and to do so, we will need more 
mixed braid relations, as in the following lemma. 

Lemma 1. 

ejCigj = 6^5,^^ wheni^j (11) 
eiCjCi = Ci when i ^ j (12) 

Proof. These are equalities (8) and (10) of Proposition 2.3 in |2]1. □ 

Using the relations of Lemma 1, we now give a new expression for e^gj-i i+iei^i. 
Lemma 2. 

ej5j-i.»+ieja = e^a^^^ • ■ ■ 9^+2 (13) 

Proof. Using Lemma 1, we replace Cj with ejCj^iCj, then replace Cj^iejgj^i 
with Cj-igJ^ to get: 

^j9j-l:i+l^i.l ^ Gjej^igj^2,i+l£iAgj ^ 
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Proceeding inductively, we obtain (13). □ 
When b is of the second type, we simply have: 



Qj.b = 



\ei,igj ifj>i + l 
\9i+iei,i ifj = l + l 



In the following expressions, the first line is for type (7) and the next two are 
for type (//). 

ffi-i/j+ifii,! ®H 1 - "T-.9j,i+iei,i (gif, 1 + i^j^i-i ej,i (8>jj 1 
9r{b®H^) = { rci^i^^l whenj>i + l 
Qi+iei,! 1 when j = i + l 

We will refer to these equations as {CI), (CII) and {CII ) respectively. 

2.2.4 Action by gj+i (Case D) 

Since 

gj+i.b = gj+igj^i+iCi^i when 6 is of type (7) 
gj+i.b = Bi^igj+i when 6 is of type (77), 



we simply get: 



m 

(DII) 



2.2.5 Action by gk where k ^ {i - j, j + 1} (Case E) 
• Suppose first k < i — 1 and b of type (I). We compute: 

gk-b = gj,i+iei^k+2gkek+iek,i 

Expanding gkSk+i^k with (10) yields: 

gk-b = 5j,j+iej,fe+25fc+iefe,i + TO5'j,j+iei,fe+2e/c,i - mgj^i+\ei^i 

Since ek+2ek = in Bi, this expression simplifies as follows: 

Qk-b = gj^i+iei^k+2{gk+i — mck+ijek,! 

Replacing gk+i — m ek+i = gkli — m with (8) and simplifying with ek+2ek = 0, 
we then obtain: 

gk-b = 5j,j+iei,fe+25fc+ie/c,i 
Applying equality (11) to 6/5+25^+1 now yields the new expression for gk-b: 

9k-b = 9j,i+iei,k+igk+2ek,i, 
which is also after commutation of 51^+2: 

gk-b = 5j,i+iei,i5fe+2 



Thus, the action of gk on the tensor gfj^j+iej,i (g)^^ 1 is simply a multiplication by 
r. After inspection, the computation for type (II) is identical and the action of 
gk on the tensor ej^i (g)^ 1 is also a multiplication by r. 

• Suppose now that k > j + 1. Visibly, gk commutes with gj,i+iei^i and 
with ei,i, so that in both cases, the action by gk on the tensor b (gi^ 1 is simply a 
multiplication by r. 

• Finally, suppose k belongs to {i + 1, . . . , j - 1} where j > i + 2. We 
look at the action of gk on gj^i+\ei^\. We move gk to the right, then use the Braid 
relation gkgt+igk = gk+igkgk+i, then move gk+i this time to the end of the 
expression. After doing these moves, we get: 

9kgj,i+iei,i = gj^i+iCi^igk+i 
It follows in particular that 

gk-b<S'H'^ = rbiSijj 1, 
as in the previous cases. It remains to look at the action of gk on ei,i. We have: 



gi+iBi^i iffc = i + l 
ei,i5fc otherwise 



Qk-b 

We summarize Case E in the following two equalities: 



gi+ib 1 itk = i + l and h of type (//) 
r 6 (g) „ 1 in all the other cases 



We note that the top equality is {CI I ). Let's name the bottom equality {E). 

With Cases A, B, C, D, E, the action of the gi's on the vector space i?i (g^ F 
is entirely described. The object of the next part is to give an expression of the 
representation in terms of roots. 

2.3 Expression of the representation in the Lawrence-Krammer 
space 

2.3.1 The Lawrence-Krammer representation 

Following our discussion at the end of § 1.3.2 and in § 2.1, there is a bijection: 

4)+ — > B 

where h is the algebra element associated with the positive root /?, as in § 1.3.2. 
It follows that there is a natural isomorphism ip of vector spaces over F, defined 
on the basis vectors by: 

xp ^ u{(3) (8)„ 1 

We now get a representation of the BMW algebra inside the Lawrence-Krammer 
space as follows. 
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Theorem 3. The map on the generators 

gi I — > Vi 

where each Vi is defined on the basis vectors 0/ V^"^ by 

v,{xp) = Lp~^{g,.{u{(3) ®^ 1)) 

defines a representation of degree of the BMW algebra B{An-i) in the L-K 

space V^"^. Once irreducibility over Q{1, r) has been established, as a representation of 
the Braid group on n strands, it is equivalent to the Lawrence-Krammer representation. 

Proof. By definition, a representation of i? in V^"-'. We notice that i^'"' 

factors through the quotient B/I2, where I2 is the two sided ideal of B gener- 
ated by all the products e j with | i — j | > 2 . Indeed, in Bi , the algebra element 
CiCj is zero and so in Bi (E>^ F, the vector Ciejb (S^^^ 1 is zero. Thus, we have: 

v^''He,ej) ^ when \i - j\ > 2 

Then by [2], as a representation of the Braid group on n strands, i'*^"^ must be 
equivalent to the Lawrence-Krammer representation of the Artin group of type 
An-i based on the two parameters t and r, as defined in [3]. The r of this paper 
is the i of l3j; the parameter t of [3] is related to the parameters / and r of this 
paper by It = r^. □ 



2.3.2 An explicit form of the representation in terms of roots 

Given a positive root 

/? = a; + . . . ckj with i < j, 

we read on the expressions (AI), (BI), (CI), (DI) and (E) of §2.2 an expres- 
sion of Vkixp) for fc e {z — 1, 1, j, j + 1} and for fc ^ {z — 1, z, j, j + 1}. We define 
the height ht{l3) of a positive root (3 as the sum of its coefficients with respect 
to the simple roots ai , . . . , a„_i. We have: 

Vi^i{xp) ^ xp+a,-i+mr^*^'^'>^^Xa,_i~mxi3 by (^/) 

771 

Uj{xf3) = Xf3-a, + ^^ht{p)~2 '^xp by {CI) 

Vj+i{xp) = x^+a.+i by(L>/) 

Vk{xi3) = rxp Vfc ^ {i - j,j 1} by(£') 

Similarly for type (//), if /? = ai is a simple root, we have: 

Vi_l{xi3) = Xp+a.-i + mxai_i - mxai hj {AI I) 

Vi{xi}) = r^Xai by {BII) 

Vi+i{xp) = xp+ai+i by {CII ) 

Vk{xi3) = rxf3 V/s ^ {z - 1,1,7' + 1} 
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The last equation is obtained with (CII) when k > i + 1 and with (E) when 

k <i-l. 

For each node i, we summarize the action of ViOnx^ as follows. 



rx/3 

X/S+Ci 

Xfj+at + tn r^*'^^^~'^ Xcti —mxj3 

Xfj—ai + ; ^iit(3)-2 Xoci ~ VnXfj 



if {(3\a, 
if {f3\a^ 
if {I3\a, 
if 

if (/3|a, 
if 



(a) 

1 (6) 

-i and (c) 
-\ and(c') 
i and {d) 
i and (d ) 



where (c), (c ), (d), (d ) are the following conditions: 



(c) /3 = at + • ■ • + a^-i with t <i — I 
(c ) /3 = aj+i H h Q!s with s > i + 1 

(d) j3 = at + h tti with t <i -1 

(d) f3 = ai + h as with s >i + l 

We note that: 

(a) is equivalent to Supp{j3) n {i — 1, i, i + 1} = or {? - 1, z, z + 1} C Supp{(3). 

(b) is equivalent to /3 = aj. 

(c) and (c ) are the two ways the inner product (/3|ai) can be ^. 



(d) and {d ) are the two ways the inner product (/3|aj) can be 
We deduce from these equalities an expression for i'^"'\ei): 



2' 








if 


= 








if 


= 1 




1 




if 
if 
if 
if 


_ 1 


and (c) 
and (c ) 
and (d) 
and (d ) 


^ht(/3)-l 

1 




2 

_ 1 

2 

1 


l^ht(l3)-2 




2 
1 

~ 2 



Notice t'^"Hei)(a;/3) is always a multiple of Xcn- This is easily pictured on the 
tangles. 

The next part establishes Theorem 1, following the discussion of §1.2. 



3 Reducibility of the representation 

3.1 Action on a proper invariant subspace of the L-K space 

We show the following result: 
Proposition 1. 

For any proper invariant subspace U o/ V^"^, we have v^"^'^ {e.i){U) = Ofor all i. 



10 



Proof. If U is trivial, there is nothirig to prove. Otherwise, let u be a nonzero 

vector of U such that v^'^\ei){u) ^ 0. Since i^("^(e,)(u) is a multiple of we 
see that is in U. From there, we have: 

Hence Xai+at-i + fn Xai_i is in Li. Another application of now yields: 

^i—l y^di+cxi—i ) ~(~ ^ ^ai—i — ~t~ ^cxi— i ? 

from which we derive that Xai_i is in U. By induction, we see that all the Xon 's 
fort<i are in W. In particular, Xa^ is in U. But since ei (g)^ 1 spans Bi (g)^ F, 
Xq,j spans V(") . Then U is the whole L-K space V^"^, in contradiction with our 
assumption that U is proper. □ 

Corollary 1. Let W be a proper irreducible invariant subspace ofV^'^\ Then, W is 
an irreducible Hp.r^ {n)-module. 

Proof. By Proposition 1 and (3), we have 

[gl + mgi-l].W = Q for all i. 

Hence W is an Tip.r^ (n)-module. Since the e^'s are polynomials in the Qi's, W 
is an irreducible Hp^r'^ (n)-module. □ 

The next part investigates the existence of a one-dimensional invariant sub- 
space of V*^"^. We define for two nodes i and j with i < j 

Wij = Xq^-i \-oij-i 

We will sometimes write Wi^j instead of Wij . Below is how Wij is represented in 
the tangle algebra: 




It has two horizontal strands: one that joins nodes i and j at the top, and one 
that joins nodes 1 and 2 at the bottom and {n — 2) vertical strands that don't 
cross within each other. The top horizontal strand over-crosses the vertical 
strands that it intersects. 

3.2 The case I = ^:2^ 

We will prove the theorem: 

Theorem 4. Let n be an integer with n > 3 and assume (r^)^ ^ 1. 

Suppose n > 4. There exists a one-dimensional invariant subspace o/ V^"' if and 
only if I = If so, it is spanned by J2i<s<t<n '^"'^^ "^^t 

(Case n = 3) There exists a one-dimensional invariant subspace o/ V^^^ if and only 
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ifl = ^orl = —r^. 

Moreover, ifr^ ^ — 1, it is unique and 

when I = pr, it is spanned by wi2 + r ?«i3 + ^23 
when I = -r^, it is spanned by W12 - ^ wis + W22, 

Ifr^ = — 1, there are exactly two one-dimensional invariant subspaces ofV^^^ and they 
are respectively spanned by the vectors above. 

Proof. Let U he a one-dimensional invariant subspace of V^"^ and u a spanning 

vector of U. For each i, let 7^ be the scalar such that 1^^(71) = 7^ u. Since {lyf + 
mui — idy(r^) ){u) = by Proposition 1, it follows that 7? + m 7i — 1 = 0. Hence 
7i e {r,—^}. Further, since (r^)^ ^ 1, the Braid relation fiUjUi = VjViVj when 
i j forces that 7^ takes the same value as 7^ . Let's denote by 7 the common 
value of the 7i's. So, for each i, we have Viiu) = 7 m, where 7 e {j^, — f }• 
A general form for u is: 

where p,ij G F 

l<i<j<n 

We look for relations between these coefficients. 

Lemma 3. Let i be some node. Suppose v — X)i<fe</<n l^i^f ^ vector o/V^"^ 
with i^i{v) = where 7 e {r,—^}. Then the following equalities hold for the 
coefficients ofv: 

Vs > i + 2, = 7Mi,s (14) 

Vt < i - 1, /it,j+i = 7/it,i (15) 

^Nhen i = 1, only (14) holds and when i = n — 1, only (15) holds. 

Proof. To show (14), we look at the coefficient of in Ui{v) = 'yv, where 

s > i + 2. We get: p.i^s — m P-i+i,s = 7Mj+i,s- Since 7 + m = i, this equality is 
equivalent to fii+i^s = llJ'i,s- Similarly, by equating the coefficients of wt,i+i in 
fiiv) =71', we obtain (15). □ 

Applying these equalities to the coefficients of u, we see that all the coefficients 
of u must be nonzero. In particular, when n > 4, the coefficient of u is 
nonzero. Because an action of gi on W34 is a multiplication by r and an action 
on gi on the other terms Wij does not create any term in W34,, this forces 7 = r. 
Thus, without loss of generality, we have: 

u = r^~^^ Wij 

l<i<j<n 

From there, let's look at the action of gi on u and the resulting coefficient in 
Wi2- The action of gi on W12 is a multiplication by and an action of gi on 
the W2,j's for 3 < J < n creates new terms in W12 with respective coefficients 
m r^~^. Thus, we get the equation: 
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from which we derive that I = ^;„_a ■ 

Conversely, if I = -p^k^, we define u as X]i<i<j<n ^^"^ check that 
Vi{u) = ruioT each i. First we show that the coefficient r^*+^ of is mul- 

tiplied by r when acting by gi. There are three contributions. One comes from 
the terms Wt,i+i, with coefficient r*+'+^ . Another one from the terms 

Wi+i^s with coefficient r*+*+^ mr*~*~^, and a third one simply from the term 
Wj^i+i, with coefficient r-2»+i^2n-3 jsjow, we have: 



„2n- 



t=l ^ s=i+2 

Next, given a positive root (3, if none of the nodes i — i, i + 1 is in the support 
of f3 or if all three nodes i — 1, i, i + 1 are in the support of /3, then it comes: 

'^i{xi3) =rx0 

Thus, we only need to study the action of Ui on Wk,i, Wk,i+i, with A; < i — 1 on 
one hand and Wij, tUj+i,;, with / > i + 2 on the other hand. 
We have: 

r''^' yi{wk,i) = r'=+* Wk,i+i 
r'=+'+^ i'i{wk,i+i) = r'=+'+^ Wk,i - mr'=+'+^ Wk,i+i modulo Fx^^ 

So we get: 

Vi {r''+^ Wk,i + r*^+*+^ Wk,i+i^ = r'=+'+^ Wk,i + r'=+'+^ Wk,i+i modulo Fx^, 
Similarly, we have: 

r'+'+^ fj(u'i+i,i) = r'+*+-^ Wi^i - mr'+*+^ Wj+i,; moduloF Xai, 
so that: 

t-i Wi,; + r'+*+^ Wi+i,;) = r-'+'+^ w^,; + r'+'+=^ Wj+i,; modulo Fx^, 

This ends the proof of the Theorem when n > 4. 
Suppose now n = 3. So, 

« = 7^ ti;i2 + 7^ t«i3 + 7^ t«23 
Let's compute v\{u) and j^2(m): 

J^i(w-) = (^+m7'"^) wi2 + 7^wi3 + 1^ W23 

5 1 

I/2(w) = Wi2 + 7^Wl3 + (x + ■n^) ■*"23 

Since z/i (u) = 7 u, we must have: 

^-|-m7^ = 7^, i.e. j= 7(1 — 7717), i.e. 1 = ^, as 1 — 7717 = 7^ 
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Thus, if there exists a one dimensional invariant subspace of V^^^ then I must 

take the values or — r^. 

Conversely, let's consider the two vectors: 

Ur = Wi2 + rWi3 + r'^W23 
U_l = Wi2 - lwi3 + ^W23 

We read on the equations giving the expressions for vi (w) and 1/2 (w) that 

If ^ = ^ then l^liUr) = l'2{Ur) = r Ur 

If I = — then = V2iu_x) = — ^ u_i □ 

r r ' r 

The next section investigates the existence of an irreducible (n— 1) -dimensional 
invariant subspace of V^"^. 

3.3 The case / e {^,-^} 

In Theorem 4, the case n = 3 was special. Likewise, in the following Theorem 
5, the case n = 4 needs to be formulated separately. 

Theorem 5. 

Let nbe a positive integer with n > 3 and n ^ 4. Assume HF,r^{n) is semisimple. 
Then, there exists an irreducible (n — \)-dimensional invariant subspace ofV'^"^ if and 
only if I = or I = 

If so, it is spanned by the 's, 1 < i < n — 1, where is defined by the for- 
mula: 

s=i+2 

z-1 ^ 

+ ei ^r"-^-2+*(w;t,i - - wt,i+i) 
t=i ^ 



with 




(Case n = 4) Assume Tlpy-'i^^} is semisimple. Then, there exists an irreducible 3- 
dimensional invariant subspace ofV^^^ if and only if I e {7,-7, -r^}. 

If I e {-l,^},it is spanned by v'^\ v'2 \ v'^^ 

If I = —r^, it is spanned by the vectors: 

Ui = r W23 + Wi3 + (i + ^)W34 -W24- ^ Wi4 

U2 = -r wi2 - r"^ wi3 - I W34 - ^ ^124 + {r + I) wi4 
U3 = {r + j^) W12 + I W23 - wi3 + W2i ~ r wi4 

Proof. Suppose that there exists an irreducible (n — l)-dimensional invariant 
subspace U of V'"^ . 



14 



Claim 1. Except in the case when n = 6, there exists a basis (ui , . . . , Vn-i) ofU such 
that one of the following two sets of relations holds: 



(A) 



(V) 



vt{vi) =r Vi \l t ^ {i - \, i, i + l] 

Vt{vi) = ~j Vi Vl < « < n - 1 

Vi+i{vi) = r{vi + Vi+i) Vl < ?; < n - 2 

Vi-i{vi) Vi + j, Vi-i V2 < i < n - 1 

vtivi) = -l/r Vi V t ^ {i - 1, «, i + 1} 

Vi{vi) — r Vi y\ < i < n — 1 
Vi+i{vi) = -llr{vi + Vi+i) VI < i < rt - 2 
= —l/r Vi — r V2 < i < n — 1 



Proof. We first recall some general fact about the irreducible representations 
of the Iwahori-Hecke algebra of the symmetric group. The following result 
was established by James for the irreducible representations of the symmetric 
group, but applies here to the Iwahori-Hecke algebra Tip.r^ (n) since we work 
in characteristic zero and assumed TCF^r^{n) semisimple. By Theorem 6, point 
(i) in [4], when the characteristic of the field F is zero and for n > 7, an ir- 
reducible 5yTO(n)-module is either one of the Specht modules S*'"', S'-^"\ 
5'(2,i ) Qj. ]-^gg dimension greater than {n — 1). The statement is also 
true when n = 3 and n = 5. When n = 4, the statement does not hold as 
5(2,2) ]^^g dimension 2 and when n = 6, the statement also fails since S*'"^ ■^^ and 
5(2,2.2) have dimension 5. In any case, there are exactly two inequivalent 
irreducible representations of F Sym{n) of degree (n — 1), except in the case 
n — Q, when there are exactly four inequivalent irreducible representations of 
F Sym{6) of degree 5. The same statement holds iorTip ,.^ (n) when the algebra 
is semisimple. 

Consider now the set of relations (A) (resp (v))- For each i, let Mi (resp 
Ni) be the matrix of the endomorphism Ui in the basis {vi, . . . , It is a 

direct verification that the M/s (resp N/s) satisfy the Braid relations and the 
relation Alf + m Mi = /„_i (resp Nf +mNi = In-i) for each i, where /„_i is 
the identity matrix of size (n — 1). Hence the M/s (resp the iV/s) yield a matrix 
representation of Hp^r^ (n) of degree (n — 1). 

To show that these two matrix representations are irreducible, relying on 
James'statement above, it suffices to check that there is no one-dimensional 
invariant subspace of i^"^^ when n ^ A and that there is no one-dimensional 
or irreducible two-dimensional invariant subspace of F^ when n = 4. This is 
the case if r^" ^ 1 when n 7^ 4 and if (r^)^ 7^ 1 and (r^)"^ =/= 1 when n — 4. 

When n = 3, the two matrix representations are equivalent. When n > A, 
they are not: visibly, the matrices of one representation all have the same trace 
_ ("-2) ^ ^ ^j^j ^YiQ matrices of the other one all have the same trace (n — 2)r — 1 . 
These two values are distinct when (r^)^ ^ 1 and n > 4. We conclude that 
these are the two inequivalent irreducible representations of TCp.r^in) when 
n > 4 and n =^ 6. □ 

In what follows, we assume n > A. We will show that it is impossible to have 
the second set of relations, except in the case n = 4 when it forces I — —r^. 
Suppose the Vi's satisfy (v)- The relation i^n-i{vi) — — ^ wi implies that in vi 
there are no terms in Wg.t for integers s,t G {1, . . . , n — 2} such that s < t. 
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Hence we may write: 

n— 2 n— 1 

Moreover, the relation 1^3 (wi) = — ^ ui implies that there are no terms in Wj,k in 
vi for j > 5. Further, the relations 

l'l{w2,n-l) = Wi,n-l+mr"~'^Wi2-mW2,„-l 
l^l(w2,n) = Wi^n + rnr"~^ W12 - mW2,n 

imply that: mr"^'^^2,n-i + mr""^^2,n = 0, i.e ^2,n = -^M2,n-i, as there is 
no term in W12 in vi. Furthermore, an application of (14) with 7 = r and i = 1 
yields for s = n — 1 and s = n respectively: ii2.n-i = r l^i,n-i and /i2,ri = r Mi,n- 
So, up to a multiplication by a scalar, 

1 

Vl = Wi^n-l + r W2,n-1 Wl.n - 1^2, « 

r 

(16) 

or Vl = Ai3,n-1 W3,„_i + /l4,n-l 1^4, n-1 + MS.n W3,n + M4,n W4_„ (17) 

If rt > 5, the relation 1^3 (wi) = — - vi implies that 112.71 — 0. Then an expression 
for Vl is given by (17) and not (16). Assume n > 5. Then there is no term in 
W34 in Vl. Then it comes /i4^„ = — ;^/i4,n-i- Moreover, by (14) applied with 
7 = -i and i = 3, we have H4,n = -7 M3,n and /i4,n-i = A*3,«-i- Further, 
when n > 5, i'4(u)3 „) — r ^3 „ and an action of 54 on the other terms of vi in 
(17) won't create any term in w^^n- Thus, the relation 1^4 (wi) = —-vi forces 
M3.n — 0- Then, by the relations previously established, all the coefficients 
of Vl are actually zero, which is impossible. The case n = 5 also leads to a 
contradiction and details appear in [7J, §8.3. 

Suppose now n = 4. By (16) and (17), vi — W13 + r W23 — \ Wi4 — W24 + /^34 ^34 
or Vl = 1034. Suppose vi is of the second t5^e. Then, by vj,{vi) — ~^vi, we 
must have / = — r. Since i^2{vi) = —■^{vi + V2), we must have: 

V2 = ~r W2A + {r^ - 1) W23 - r"^ W34 
Smce <^ ) ( 1 and smce 1/2(^2) = ^^2, we get: 

1^ ;^2(lt;23) = -7«^23 



1 



-m r 



-{r — 1) = r{r — 1) , which reads 771 = after simplification. 



r 



As m is nonzero, this is a contradiction. Thus, vi is of the first type. Then, 
denoting by \ij the coefficient of Wij in V2, we get by looking at the coefficient 
of 'W12 vi\U2{vi) = —^vi — ^V2 that A12 = —r. Since by (15) with 7 = r and 
i = 2, we have A13 = r wi2, it follows that A13 = — r^. Next, by looking at the 
coefficient of W14 in the relation 1^2(1^1) — —7 vi — ^ V2, we get: 

Ai4 1 , 1 

— 1 = h ^ i.e. Ai4 = r + - 
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Also, by looking at the coefficient of W24 in the same relation, we obtain: 



M34 = (18) 

r r 

Next, we use the relation i^i (w2 ) = — - ^2 — rvi. First we look at the coefficient 



1 



of Wis to get A23 = and by looking at the coefficient of wn, we get A24 
By ^2(^2) =TV2 and (14), it comes A34 — r A24 = — 7- Plugging the value of A24 
in (18) now yields /i34 = + p-. Finally, by looking at the coefficient of W12 in 
vi{v2) — ~^V2—rvi, we get —j — ^ = 1, from which we derive I = ~r^. Also, 
gathering all the results above, we see that the vectors vi and V2 are exactly 
the vectors ui and U2 of the Theorem. Similar computations would also lead 
to V3 — U3 (see |7|). Conversely, we can show that if ^ = —r^, then the vectors 
Ml, U2 and M3 form a free family of vectors that satisfy the relations (v)- This 
shows that their linear span over F is an irreducible 3-dunensional invariant 
subspace of V^'''. For details, see [7], §8.3. 

Suppose now that the v/s satisfy (A). The relation i^iivi) = Vi implies that 
in Vi there are no terms in wts for s<i — lort>i + 2ori<i — 1 and s > i + 2. 
Thus, a general form for vi must be: 

n n 
Vi = Wi^i+i + ^ fii^s m^s + ^ Wi+i^s 

i— 1 i—1 ^ ' 

+ X! "^''^ X! ^t>*+i 

t=\ t=\ 

Since Vi[vi) = — ^ 1;.^, both equalities (14) and (15) hold with 7 = —-. Further, 
since Vqivi) — rvi for q ^ {i — + 1}, applying (14) and (15) with i ^ q and 
7 = r yields: 

"^j >q + 2, = (20) 

V/c < g - 1, Aife,g+i = r/^fe^, (21) 
Apply (20) with q <i - 2 and j e {i,i + 1} to get: 

Vg < i - 2, = r^q,i & = r ^q.^+i 

Apply (21) with q>i + 2 and e {i, i + 1} to get: 

Vg > i + 2, = r^ii^q k = r/Zj+i,, 

Expression (19) may now be rewritten: 

n ^ i—1 ^ 

v^ = C^*^ r'-'-^{wi^, u;,+i,,) + AW ^r*~i (wt.i Wt,i+i), 

where C^*\ ^^'^ and A^'^ are three coefficients to determine. First, we show that 
all the J*-*^ with i s {1, . . . , n — 2} may be set to the value one. Notice that if 
wi, . . . , Vn-i satisfy (A), then 5vi,...,5 Vn-i also satisfy (A), where 5 is any 
nonzero scalar. Then, without loss of generality, we set (5'^^ = 1. Suppose 
= 1 for some node i with 1 < i < n — 2. We will show that (5'*+^^ = 1. 
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Notice that 5^'+^^ is the coefficient of tWj+i^j+s in Uj+i. Since an action of gi+i 
on never creates a term in w^+ia+s, by looking at the coefficient of w^+i^i+s 
in t-j+i = r + r tij+i, we get = -r (5^*^ + r (5^'+^^ . After replacing (5^*^ by 
1, this yields J^'+i) = 1. Thus, all the 6^^^ may be set to the value 1. It remains 
to find the coefficients C^'^ and A('\ By looking at the coefficient of in 
i^i+i{vi) = r{vi + Vi+i), we get: 

r C^'^ + r*A(*+i) = 1, for each i with l<i<n-2 (22) 

Also, by looking at the coefficient of the same term in the relation (vj) = 
rvi + it;j_i,weget: 

-m C^'^ - r'-3 A(*) = r C^'' - ^, for each i with 2 < i < n - 1 

After multiplication by a factor r^, we obtain: 

r C^'' + r'-^ A(') = 1, for each i with 2 < i < n - 1 (23) 

By (22) and (23), we get A^') = ^ A^^), for all i > 2. Let's do a change of 
indices in (22) to get: 

r C^'"^) + r'-^X^'^ = 1 for each i with 2 < i < n - 1 (24) 

(23) and (24) show that C^*^ = C^'"^^ for each i with 2 < i < n - 1. In other 
words, all the C'*' are equal to a certain scalar The relation between ( and 
A^^' is given by equation (24) with i = 2: 

A(2) = - - C (25) 
r 

Thus, by determining we wiU get a complete expression for all the vectors 
Vi's. Since we have 



" 1 

Vl = Cwi2 + ^r^~^ {Wi^s W2,s), 



s=3 



by looking at the coefficient of wi2 in the relation v\{vx) = — ^ t^i, we get the 
equation: 

d\ + -^=^2-irr-' (26) 



Further, by looking at the coefficient of \nvi{vi) = — ^ Vi, we have: 



i.6 

'1 1\ 1 . A« 
Let's write down (★)2 and (★)3: 



Iri-t-i 
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where A'^-* has been replaced by ^ 

A(2 



Let's subtract these two equalities: 



I 



After multiplying this equality by ^ and dividing it by — ^ (licit as m ^ 0), 
we obtain: 

^(2)^^^2^„-3 (27) 

Hence, by (25), C 7 - )""^- Plugging this value for C into (26) now yields: 



I' 



hence I E 



y.n — 3 



and A* 



We 



If I = -ihs, we get successively A^ = r"~^ = i, ( = i 
If / — — -J-^, and ( are still respectively j and 7 — 7 and A 
obtain the formula announced in Theorem 5. 

Conversely, if I G {pr^, — pr^}, we can show that the w-"^'s defined in Theo- 
rem 5 satisfy the relations (A) (see f7], §8.3). In particular, their linear span over 
F is a proper invariant subspace of V*^"', hence is anJipr^ (n)-module by Corol- 
lary 1. When n ^ 4, if the vectors v'f'^'s were linearly dependent, then their 
span would either be one-dimensional or would contain a one-dimensional 
HF_r2("-)-submodule, as there is no irreducible Ti^? ^.2 (n)-module of dimension 
between 1 and {n — 1). In any case, by Theorem 4, that would force I — ^2^-3 

,73} when n = 3. This is impossible with our assump- 
r} and the fact that r^" 1. As for n — A, the freedom 



(4) „,(4) ^ (4) 



) is a direct verification or is a con- 



when n ^ 3 and Z G {— 7 
tionthat? e {-^ 

over F of the family of vectors I 
sequence of Theorem 4 and forthcoming Proposition 3 (See §3.4). We are now 

able to conclude: the vector space Spanp(w|"'', . . . , w^"l\) is (71 — 1) -dimensional, 
is invariant under the action of the g/s and is an 7i^^2 (n)-module since it is a 

proper invariant subspace of V*^"^ . Then, by the relations satisfied by the Wj-"'''s, 
it must be irreducible. 

To complete the proof of Theorem 5, we show that there does not exist any ir- 
reducible 5-dimensional invariant subspace of V'^' that is isomorphic to one of 
the Specht modules S'^^'^^ or Indeed, suppose such a subspace exists 

and name it W. Since we have assumed that Hp^r^{6) is semisimple, it is licit 
to use the branching rule as it is described in Corollary 6.2 of [8]. We have: 



5(3,3) ^ 



>.{5) 



5(3.: 



i(5) 



5(2,2,1) 



We will show that the restriction of W to 7iF,r^ (5) cannot be isomorphic to 
5(3,2) 5(2,2,1)^ hence a contradiction. A proof of the following fact is in jT), 
§8.3 

Fact 1. Suppose Hp^r^ (5) is semisimple. Then, up to equivalence, the two irreducible 
matrix representations of degree 5 ofHF,r^ (5) are respectively defined by the matrices 
Pi, P2, P3, Pi and Qi, Q2, Q3, Q4 given by: 



1 



Pi ■■= 



P2 ■■= 
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3 := 



-r 

r 



and for the conjugate representation: 



Pa 



— r 
1 
r 

r 



r — 



Qi 



I 



, Q2 



where the blanks must be filled with zeros. 

First we show that it is impossible to have a basis (wi, ^2, W3, W4, W5) of W 
in which the matrices of the left action by the gi's, i = 1, . . . , 4 are the Qi's. 

Indeed, suppose that such a basis of vectors exists. Let's denote by A^^^ the 
coefficient of Wij in Wk- Since 5(4.^4 = W5 and ga.w^ = W4 — ^ w^, we get 



939 AW A = ~- gA-WA 

r 



We look at the coefficient of 'W\2 in this equation to get 



,2 i(4) 



12 



-A 



(4) 



1 \(4) 
12-^12 



^ 7^ and so A^*^' = 0. Now since .93. wi = 



Since (r^)^ ^ 0, we have + 1 

— ^wi+ wa, we get r Ai2^ = ~ f '^12'' ^^id so A^a^ = 0. This implies that A^g is 
also zero by 52-^1 = rwi and Lemma 3. Then, by looking at the coefficient 
of Wis in g2-W4 = wi — - wa, we get — m A^g^ = — - A^g^, where we used that 



(4) 
12 



0. Thus, Aj^^^ = 0. Since g^.Wi = rwi and gi .wa = r wa, by Lemma 3, we 



A 

also get: 

),(4) _ • 

Let's now look at the term in W25 in g^gA wa 



(4) 



A 



(4) 



= 

gAWA 

1 



\ Wa- We have: 



-rA^^) 

2 '^'^IS ' 



where we used that A^g^ 



r A^5^ . Then, A 



(4) 
15 



and also A 



(4) 
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0. Further, 



since A^2^ = 0, in gi.WA, a term in ti;i2 is created only when acts on W26, 
Thus the relation 51.^4 = rwA yields A2e^ = 0. Then by 



with coefficient : 



gi .Wa = r wa, we also have Aj^^^ = 0. 
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Furthermore, on one hand, by looking at the coefficient of ^34 in gi.wi 
- i wi + W4, we get r X^^^ = - ^ A^4^ + X^^^, i.e 



r 

On the other hand, by looking at the coefficient of W34 in 32 -^4 = wi — ^ W4 
and remembering that A24' = 0, we have — m A34^ = ~f -^34^ + ^^34' ^-^ 

),(4) _ 1 3,(1) 

^^34 — ^ ^^34 

The two relations binding A34^ and A34 now yield A34^ = A34 = 0. 
So W4 reduces to 

\(4) , \(4) , x(4) , \(4) , \(4) 

W4 = rXy + A^jg' W35 + XIq' + rXy w^q + Xy W36 
At this point, it is of interest to derive the following result. 

Result 1. The irreducible matrix representation of degree 5 ofTip^j.2 (5) defined by the 
matrices Qi's is not a constituent of the Lawrence-Krammer representation of degree 
10 of the BMW algebra of type A4. 

Proof. If W is a subspace of V^^^ instead, then we simply have 

Wi = rA^5^ Wi5 + A^5^ w;35 

Then, by looking at the coefficient of W34 in (73. W4 = r W4, we get m X^^ = 0, so 
that X.-^^ = A^^g' . Then W4 = 0, which is impossible. □ 



Let's go back to the main proof. By looking at the coefficient of ^34 in 53.1^4 = 
r W4 and using the complete expression for W4 this time, we get: m r Agg^ + 
mr^ A^g^ i.e X^^ = ~f '^'35 • see that all the coefficients in W4 except A^g^ 
are multiples of Agg^ . Moreover, we claim that W4 may not be a mutiple of w^e. 
Indeed, recall the formula 



gsQA-Wi = --g4-W4 - ^W4 

and observe that in — ^ g4.W4 — ^ W4, there is no term in wse while in 5354.^4, 
there is one. Thus, without loss of generality, we may set A^g^ = 1. So, 

. (4) 1 

W4=r W45 + W35 + Agg' Wag - ■«;4g - - W3Q 

We then deduce a complete expression for wi by using the relation wi = 52 ■W4+ 
f W4: 

= (1 + r^) W45 +rW35+ W25 + + ~) ^^56^ '"'56 ~ + ~) ^46 - ^36 - ^ ^26 

A contradiction now arises when looking at the coefficient of W26 in 93 -wi = 
— -wi+ W4. Indeed, this yields — 1 = ^ and contradicts (r^)^ ^ 1. 



21 



Suppose now that there exists a basis (wi , W2 , W3 , W4 , ) of W in which the 

matrices of the left action by the g/s, z = 1, . . . , 4 are the Pi's. We read on the 
matrices Pi and P3 that gi.w4 = —\. W4 and 53. W4 = —^W4. Thus, we have: 

(4) , (4) , (4) , (4) 

= M13 Wis + ny W23 + M24 ^^24 + Ml4 '"^14, 

where the coefficients are related by jJy^ = ii^^^ = '"i? ^ ^^^24^- P^'"" 
ticular, all these coefficients are nonzero. As gi.wi = gswi, by looking at the 
coefficient in W23, we obtain 

(1) (1) _ (1) 

M13 M23 ~ ^24 



Moreover, by looking at the same coefficient W23 in 53. wi — rwi + W4, we get 
Combining both equations yields 



(1) _ (1) , (4) 
/^24 ~ ^ A*23 ~r A*23 



(1) 1 (1) _ (4) 
1^13 ^ M23 ~ M23 

Further, by looking at the coefficient in wis in the same equation, we get = 

rfi^j^ + A^it''/ there is no term in W14 in wi by g2-Wi = wi. Then we get 
M23'' = 0- Looking at the coefficient of 1^23 in ,92 -^4 = wi + r W4 now yields 
^ ^23^ = I ^23^ + T '"is^' which by using the relations from the begirming reads 

m 1,, 1\ f4^ 
- + -(l--j^(t)=0 

As the coefficient iJ,f^ is nonzero, this forces I = r. It will be useful to derive 
the following result along the way: 

Result 2. Assume Hp^r^ (5) is semisimple. If there exists an irreducible ^-dimensional 
invariant subspace ofV^^^ then I = r. 

Proof. Indeed, if we assume W C V'^'') instead of W C V^^^ in the computations 
above, they are unchanged and lead to the same conclusion. □ 

As seen along the way, W4 is, up to a multiplication by a scalar that can be 
set to 1 without loss of generality, 

1 

Wi = W23 + wi4 - r Wis W24, 

r 

Then the other spanning vectors of W must be: 

W5 = gA.W4 = r W23 + wi5 - W13 - i W25 

wi = g2-W4-rw4 = W24: - r W12 + Wis - W34 

W2 = gi-Wi = W2b - r"^ Wi2 + r Wis - ^ WS5 

ws = gs-W2-rw2 = r W14 - wis + W35 - f W45 

where we replaced I by r. But W is an invariant subspace of V'^^ . In particular, 

it must be invariant under the action by 95. This is not compatible with the 
spaiming set above. We conclude that it is impossible to have 
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and so W cannot be isomorphic to S^'^ '^^ or S**^^'^'^^. Thus, by previous work, 
the existence of an irreducible 5-dimensional invariant subspace of V^^^ implies 
that I e {;3, — This completes the proof of the Theorem. □ 



3.4 The cases / = r and / = —r^ 

In this section, we show that when I = r the representation z/^") is reducible for 
all n > 4 and when I = —r^, the representation is reducible for all n > 3. The 
latter point is true by Theorem 4 when n — 3 and by Theorem 5 when n — 4. 
To do so, we show that some proper invariant subspace K{n) of V^"^ defined 
in the Proposition below, is nontrivial. 

Proposition 2. For any two nodes i and j with 1 < i < j < n, define 

^ ^ idj-i ■ ■ ■ 5i+iei5i+\ • • • 57-1 > i + 2 
\e^ ifj = i + l 

Then, K{n) = ni<i<j<„Xer v'^"-'' (cij) is a proper invariant subspace ofV'^"'\ More- 
over, any proper invariant subspace ofV^"'^ must be contained in K{n). 

Proof. K{n) is proper, as is visible on the expressions for (/("^(e;). Further, if 
an Xjj is annihilated by all the gi conjugates of the e/s, then Vk{xp) is also an- 
nihilated by these same elements. Verification of this fact is tedious and can 
be found in [7J, §2. Hence K{n) is invariant. Let W be a proper invariant sub- 
space of V'"-*. By Proposition 1, we have i^(")(cj,,+i)(>V) = for all i with 
1 < i < n — 1. This fact is also true for the other conjugates c^'s. Hence W 
must be contained in K{n) □ 

This is how an element is represented in the tangle algebra: 




It has two horizontal strands: one at the top and one at the bottom, each joining 
nodes i and j and moreover, when j > i + 2, such horizontal strands over-cross 
all the vertical strands that they intersect. 

To show that reducible, it will suffice to exhibit a nontrivial element 

in K{n) when I = r or I ~ — r"^. The following Proposition shows that K{4) is 
nontrivial and irreducible when I = r and TiFy^i^:) is semisimple. 

Propositions. Assume [A) is semisimple. There exists an irreducible 2-dimensional 
invariant subspace ofV'^^^ if and only if I ~ r. If so it is unique and it is K{4:). More- 
over, it is spanned over F by the two linearly independent vectors: 



1 1 1 

Vl = Wis - - W23 + ^ W24 - - Wl4 

111 

V2 = Wi2 Wis W24 + Wsi 



(28) 
(29) 
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Proof. When Hp^r^ (4) is semisimple, the following three matrices 



Hi = 



H. = 



define an irreducible matrix representation of degree 2 of ?iF,r^i'i)- Suppose 
W is an irreducible 2-dimensional invariant subspace of V^^-'. Then W has a 
basis {vi , W2 ) of vectors such that the matrix of Ui in this basis is Hi . Since 
i^i{vi) = —^vi (resp z/3(('i) = —^vi), there is no term in W34 (resp W12) in vi 
and since 1^2(^2) = V2, there is no term in wu in V2- Let the A^-'s (resp /Xy's) 
denote the coefficients of the Wij's in fi (resp V2)- We have: 



A23 ~ ~ J '^is 

M34 = -7 A^24 
/il3 = - 7A^12 



and 
and 



Ai4 by (14) with i = 1 and 7 = — ;i 
Ai4 = — ^ Ai3 by (15) with i = 3 and 7 = — ;p 



by (14) with i 
by (15) with i 



2 and 7 = — 
2 and 7 = — 



Hence, without loss of generality, vi = wi^ 



7 "^23 + f"24 



■ wii and ?;2 is a 



multiple of UI12 — ^ ^13 + ix{w2i — ^ W34) + W23, where /x and are scalars to 
determine. The relation 2^2 (i^i) = r ui+t;2 setst;2 = W12 — 7 wi3+/i(w24— 7 ^34)+ 
fi' W23 , by just looking at the coefficient in W12 . The same relation yields ^ = — ^ 
by looking at the coefficient in W24. Next, by looking at the coefficient of W23 in 
i'3iv2) = vi +r V2, we get r n —^=11. Replacing /ihy now yields /it = 0. 
We thus get the expressions in (28) and (29) for vi and V2 respectively. Also, 
by looking at the coefficient in wi2 in i'i{v2) = vi + rv2, we have j — m = r, 
hence I = r. Conversely, if Z = r, it is a direct verification that the vectors vi 
and V2 given by the formulas (28) and (29) are linearly independent and that 
they verify the relations: 



l^iiVi) = Vi 

r 



when i e {1,2} & 

J^l{V2) = Vi + rV2 = 1'3{V2) & T^2{vi) = r Vi + V2 



J^sivi) = — Vi 
r 



Thus, their linear span over F is an irreducible 2-dimensional invariant sub- 
space of V^''). It remains to show that it is in fact AT (4). By Proposition 2, 
SpanF{vi,V2) is contained in K{A). If ^^"(4) is three-dimensional, either it is 
irreducible and so I G {— r^, i, — i} by Theorem 5. This is impossible as Z = r. 
Or it is reducible and it must contain a one-dimensional invariant subspace. 
Then by Theorem 4, it forces I = ^, which is again impossible. If -fC (4) is four- 
dimensional, then K{4) is not irreducible as its dimension is not 1, 2 or 3. Since 
we just saw that there exists only one irreducible 2-dimensional invariant sub- 
space of V^^^ when I = r, K^A) must then contain a one-dimensional invariant 
subspace, which is again impossible. For similar reasons, it is also impossible 
to have fc(4) = 5, hence the only possibility that is left is to have fc(4) = 2. We 
conclude that K{4) = Spanpivi , V2) and K{4) is thus irreducible. □ 



The next Proposition shows the reducibility of the representation when I = r 
and n > 4, where we still assume that H F,r^ (n) is semisimple. 

Proposition 4. Assume I = r and T-Lp,r^{n) is semisimple. 

Then the vector vi = wi^ - i ^23 + ^ W24 — 7 wu of Proposition 3 belongs to K{n) 
for all n > 4. Thus, is reducible when I = r and n > 4. 
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Proof. For n = 4, the result is contained in Proposition 3. When i > 5, 
we simply have for any j > i + 2, . . . vj^ivi) = vi and since 

i^''"'\ei){vi) — 0, we see that vi is thus annihilated by all the i^'-"-'(cy) with 
i > 5. Also, since we just saw in Proposition 3 that vi is in K{A), vi is anni- 
hilated by all the i^("^(cy )'s with j < 4. Thus, it suffices to check that vi is 
annihilated by i^^") (ci^ ), (c2j ), i^'"' {c^j ) and i^^") {dj ) for any j > 5. We will 
use the following formulas that give the action of the Cij 's on the basis vectors 
of the L-K space in some relevant cases here: 

V^"\ci.j){w^j-k) = -fpk^Wi-j {Rk)l<k<j-i-l 
v''^\cij){Wi-t^j~s) ~ { ^t+s-l — ~ {Ct,s)l<t<i~l, l<s<j-i-l 

These formulas can be shown and pictured easily by using the tangles. Let's 
take an example in V'-^^-'. The product tangle 04,9^2,7 as represented in the 
figure below 

V' I I I / 



rTTTT^ 




expands as follows, where we use the Kauffman skein relation: 





After doing a Reidemeister's move of type II (as it is described in §2.2 of f^l) 
on the first tangle of the sum above, we see that it is zero. After "delooping" 
the second tangle of the sum and using Reidemeister 's move II twice, we see 
that it is obtained from the basis vector W4 g with non-crossed vertical strands 
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by multiplying it to the right by ^. The resulting coefficient is ^ = 

jlpr — 7)- If we call over-crossing a multiplication at the bottom by a gi in 
H and imder-crossing a multiplication at the bottom by a g^^ in H, we see 
that in the last tangle of the sum, there are five under-crossings and two over- 
crossings. Thus, the resulting coefficient is — = -pi — -fs- When adding 
these two coefficients, we get — i)( j — i), which the coefficient in {02,2)- 
Using this example as a support, it is easy to see that, more generally, for any 
fixed nodes i and j with 1 < i < j < n, the coefficient of i/'^\cij){wi-t,j-s), 
where 1 <t < i — 1 and 1 < s < j — i — 1, is: 

1 1 j.{U-s)-i}-i 



which after simplification is the coefficient in (Ct s). Thus, we obtain the family 
of equations {Ct.s)i<t<i-i, i<s<j-i-i- Similarly for fixed nodes i and j, the two 
families of equations {Rk)i<k<j-i-i and {Lj^i^k)i<k<i-i can be pictured easily 
by using the tangles, or can be established by using the definition of Cy and the 
expression for the representation in §2.3.2. 

When I = r, we note that the action of Cij on Wi-tjs is zero. From there, we 
have for j > 5, where we replaced I by r: 

' ^^"■\ci,j){vi) = z/(")(ci,,)K3 - >i4) = by and (i?,_4) 

z^("Hc2.j)(wi) = J^("Hc2,,)(-i W23 + ^ W24) - by (i?,_3) and (i?,_4) 

''^"Hc3,j){vi) = :/(")(c3j)K3 -IW23) = by (i,-3,2) and (Lj-3,l) 

, v^"'\c4,j){vi) = iy^'^\cij){^ W24 - f wii) = by (Lj-4,2) and (ij-4,3) 

So vi is in K{n) for all n > 4, as annoxmced. It will be useful to note on the way 
that by the game of the coefficients, the equalities to the right of the first two 
lines of equations still hold when I = — r^. □ 

When I = —r^, we have a similar result. This is the object of the next proposi- 
tion. 

Propositions. Assume H p. r^{n) is semisimple. When I — —r'^ , the vector ui defined 
as in Theorem 5byui = r W23 + 1013 + (^-1-^)^34 — W24 — f wu belongs to K(n)for 
all n > 4. Thus, when I = —r^, the representation j/^") is reducible for every n > 3. 

Proof. When I = —r^, t^^^^ is reducible by Theorem 4 and i^'^' is also reducible 
by Theorem 5. Suppose now n > 5. To show that ui is in K{n), like in the 
case I = r,\i will suffice to check that {cij){ui) — for alH < 4 and j > 5. 
With I = —r^, the coefficients of type (C( s) are no longer zero. But we have: 
i^^"Hc2,j)iwu - ^wu) = Oby (Ci,,_3) and (Ci,,_4). For i.(")(c3,,)(wi), there 
is no shortcut and a complete evaluation must be performed. We have, where 
we respected the same order of the terms in Proposition 5 for the coefficients: 

z^^"Hc3j)(wi)=r-^ + -^+f 3 + 3 ^ 



1 i\ 1/1 1 



W3J 



The rules used are, in the same order: (Lj_3_i), (Lj-3,2)/ {Rj-i), (Cij_4) and 
(C2J-4). All the coefficients cancel nicely to give z^^"Hc3j)(^*i) = 0. 
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Finally, for u^"'\c4,j){ui), only the terms in ui whose last node is node num- 
ber 4 yield a nonzero contribution, the first one contributing with a coefficient 
(f + 77) 77^-/ the second one with a coefficient —~=^ and the third one with 
a coefficient — ^ by rules (ij_4,i), (Lj_4,2) and (Lj_4,3) respectively. The 
sum of these three coefficients is zero. 

Thus, we are done with all the cases and ui belongs to K{n) for all n > 4. □ 
At this stage, we have shown that when I and r take the values of Theorem 1, 
the representation z^^"^ is reducible. In the next section, we show conversely 
that if i/*^") is reducible, then I and r must related in the way described in The- 
orem 1. 

4 Proof of the main theorem 

We recall from Proposition 2 that any proper irreducible invariant subspace of 
V*^"-* is an irreducible 7Y^ j,2(n)-module. When n = 3, the irreducible 7Y^^2(3)- 
modules have dimension 1 or 2. We showed in Theorem 4 that there exists 
a one-dimensional invariant subspace of V^^^ if and only if I s {r^ , ^ } and 
we saw in Theorem 5 that there exists an irreducible 2-dimensional invari- 
ant subspace of V*^^) if and only if / e {1,-1}. Hence the main theorem is 
proven for n = 3. When n = 4, the irreducible H p.r^ (4)-modules have dimen- 
sions 1, 2 or 3. By Theorem 4 (resp Theorem 5, resp Proposition 3), there ex- 
ists a one-dimensional (resp an irreducible 2-dimensional, resp an irreducible 
3-dimensional) invariant subspace of V*"^ if and only ii I = ^ (resp I = r, 
resp I e {-r^ , -■^})- Thus, the main theorem also holds for n = 4. Sup- 
pose now n > 5. By §3, it suffices to prove that if is reducible, then 
I € {r,—r^, ^2^,3 , , - } and the proof of the main theorem will be com- 
plete. We show it for n = 5 and n = 6, then proceed by induction on n. 

4.1 The case n = 5 

If W is an irreducible proper invariant subspace of V^^^ then dim(W) G {1,4,5.6}, 
as W is an irreducible Hp^r^ (5)-module by Corollary 1 of §3.1. If dim(>V) — 5, 
it forces / = r by Result 2. If dim(>V) = 1, it forces I = ^hy Theorem 4 and 
if dim(yv) = 4, it forces I € {;3j — ^3} by Theorem 5. From now on, assume 
that I ^ {r, -pj, ~^}- We will show that I = —r^. By choice for I and r, we 
have dim(W) = 6. Then W n V^''^ ^ {0}, as otherwise W ® V^'') C V^^), which 
implies on the dimensions dim W < 10 — 6 = 4. Since W fl V^^^ is a proper in- 
variant subspace of V^^\ the representation v^^^ is then reducible, which yields 
I € {-r-^, i, -i, ;i^}. We will show that it is impossible to have I e {^, -7, 
unless I = -fs = —r^. 

Let's first assume that I = ^ and show that imder our assumptions, it forces 
I = —r^. When I = ^, there exists a one-dimensional invariant subspace, say 
Ui, of V*^'') by Theorem 4 and by Proposition 2 it is contained in K{4:). In par- 
ticular the dimension k{A) of K{4:) is 1,2,3,4 or 5. But since IS a 
proper invariant subspace of V^^', it must be contained in K{4:) by Proposi- 
tion 2. Hence we have fc(4) > dim(>V n V^'^'). Also, since dim(yy n V^^^) = 
dim(>V) + dim(V('')) - dim(>V + V^"*)) > 12 - dim(V(5)) = 2, we get fc(4) > 2. 
By semisimplicity of W^.r^ (4) and by uniqueness of a one-dimensional invari- 
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ant subspace of V^^^ when it exists, Ui then has a summand S in K{A) that is of 
dimension greater than or equal to 2. S is an invariant subspace of V*^**) and it 
cannot contain a one-dimensional invariant subspace. Nor can it contain an ir- 
reducible 2-dimensional invariant subspace by Proposition 3 since we assumed 
I ^ r. Also, since 1 + dim(S') = fc(4) < 5, we note that dim(S') < 4. Then, by 
the same arguments already exposed, dim(S') = 3 and S is irreducible. By The- 
orem 5, we now get I e {— ^, ^, — r^}. But since I = ^,it forces I = —r^ as it is 
impossible to have (r^)^ = 1 when Hp.r^ (5) is semisimple. 

Assume next that / € — ^}. We show that these values lead to a con- 
tradiction. First, by choice for I and r and Theorem 5 (case n = 4), V^*^ con- 
tains an irreducible 3-dimensional invariant subspace and by Proposition 2, 
this proper invariant subspace must be contained in K{4). Hence fc(4) > 3. 
Since there cannot exist any one-dimensional invariant subspace of V^^^ (as 
I 7^ ^ when (r^)^ ^ 1) or any irreducible 2-dimensional invariant subspace 
of V^'^^ (as / 7^ r), we cannot have fc(4) e {4,5}. Thus, we have fc(4) = 3 
and so K{4) is irreducible. Now the irreducibility of A' (4) and the fact that 

c W n V(^) C K{4:) implies that 

W n V^^) = K{4) (30) 
We show that this is impossible. 

Consider first the case when I — I- When I = I, the vector wu — W23 belongs 
to -ftr(4). Indeed, this vector is 

Then it also belongs to W. It follows that 1^'-^^ {ei){wu — W23) = e W, as 

W is an invariant subspace of V^^^ . But then, by the same argument as in the 
proof of Proposition 1, W is the whole space V'^^ in contradiction with W is 
proper. Thus, it is impossible to have (30) and so / cannot take the value ^. 
Consider now the case when ? = — i. The vector wu — W23 + W12 + W34 belongs 
to K{A) since it is 

By (30), this vector also belongs to W. But then 

I'^^\e4){wi4 - W23 + W12 + Wu) = (^-^ + ^) ^ ^ 

As (r^)^ 1, this implies in turn that is in W. Then W is the whole space 
V^^^ a contradiction. Thus, it is also impossible to have I = —K 

We have now shown that if is reducible and I ^ {r, —^}, then 

1 = -r^. Thus, if ly^^^ is reducible, then / G {r, -r^, ^, ^}. 

4.2 The case n — 6 

Let W be an irreducible proper invariant subspace of V'^'. So W is an irre- 
ducible H p,r^ (6)-module. The irreducible representations of HF,r^ (6) have de- 
grees 1, 5, 9, 10, 16. The vector space V^^^ is 15-dimensional. Hence dim(W) e 
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{1,5,9, 10}. If dim(W) = 1, then ? = by Theorem 4 and if dim(W) = 5, 
then Z e {;^, -;3} by Theorem 5. Suppose now / ^ Then 
dim(W) > 9, which implies in particular that W fi V^^^ {0}. Moreover, 
is a proper subspace of V'^^ as otherwise W would contain V'^^ and 
would in fact be the whole space V'^^-'. Hence we see that v'-^'' is reducible, 
which implies that 



by the case n = 5. Also, if W n V''^^ = {0}, then W ® V^''^ C V^^^ and so 
dim(>V) < 15 - 6 = 9. Then dimW = 9. We notice that dim(W) + dim{V^^^) = 
dim(V(^)). Thus, we get W ® V''^' = V^^l But since W C K{6) by Proposition 
2, we must have in particular i/'^^-' (e5)(>V) = 0. But 65 also acts trivially on V'^-*. 
It follows that 65 acts trivially on the direct sum W © V^'*^ hence acts trivially 
on V(6) . This is a contradiction. Hence, we have W n V^-*) ^ {0}. Also, W n V^'^) 
is a proper invariant subspace of V^"'^. Consequently, z/^"*^ is reducible and by 
the case n = 4, we have 



Since ^ 1, (r^)'^ ^ 1 and (r^)^ ^ 1 when Hpy^iQ) is semisimple, (31) and 
(32) imply that I e {r, -r^}. Thus, if i/'^' is reducible and I ^ ^, -^^j, 
then I e {r, —r^}. So if v^^'' is reducible, then I e {r, -r^, 4^, ^, — p-}. 

4.3 Proof of the main theorem when n > 7 

By the work from previous parts, the main theorem holds for n G {3, 4, 5, 6}. 
When n > 7, we proceed by induction to prove the theorem. Given an integer 
n with n > 7, suppose the main theorem holds for and i^^"^^). We 

already saw that when I g {r, — r^, , ^„La , — ^„"L.i }, the representation i^'"' 
is reducible. We will show conversely that if is reducible, it forces these 
values for / and r. The theorem will then be proven. Suppose i/'"^ is reducible 
and let W be an irreducible nontrivial proper invariant subspace of V^"^. By 
Corollary 1, we know that W is an irreducible Ti^.r^ (n)-module. The following 
proposition is part of the author's work in HJ. 

Proposition 6. Let K be afield of characteristic zero. Let n be an integer with n>9. 
Every irreducible K Sym{n)-module is either isomorphic to one of the Specht modules 
g{n)^ g(n-i,i)^ g(n-2,2) ^ ^(n-2,1,1) gy Qyig of their conjugatcs, or has dimension 

greater than '-^ -. 

We have the Corollary on the dimensions: 

Corollary 2. Assume HF.r^in) is semisimple. 

(i) Let V be an irreducible F Sym{n)-module with n = 7 or n > 9, where F 
is afield of characteristic zero. Then, there are two possibilities: 




(31) 




(32) 



either dim V G {1, n — 1, 



7t(n-3) (rt-l)(Tt-2) 
2 ' 2 



} 



or 



dim T) > 



(«-l)(«~2) 



2 
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(ii) Let V he an irreducible F Sym{8)-module, where F is afield of character- 
istic zero. Then dim P e {1, 7, 14, 20, 21} or dim V > 21. 

(ill) The first two points hold ifV is an irreducible Hpy^ {n)-module. 

Proof, {ii) can be seen directly by using the Hook formula. Point {i) is for 
n > 9 a direct consequence of Proposition 6 after noticing that S"^""^'^^ has 
dimension ^^^^ and ^("-^.la) dimension ("-iK"-2) _ y^]^^^ n = l, the state- 
ment also holds by direct investigation, using for instance the Hook formula. 
In characteristic zero, when the Hecke algebra Hi?.,.2 (n) is semisimple, the di- 
mensions of the irreducible F 5*2/771 (n)-modules are the same as the dimensions 
of the irreducible H^.r^ (n)-modules, hence {iii). □ 

Let's go back to the proof of the Main Theorem. Suppose first n = 7 or n > 9. 
So dimW e {l,n - 1,^^^, ("-iK"-^) } or dimW > in^lKn^. First, if 
dim W = 1, Theorem 4 implies that I = ^^i-a • Also, if dim W = n—1, Theorem 
5 implies that / € {-^, -:p^}. Suppose I ^ {p^, :p^,-:p^}. Then we 
have dim W > 

Claim 2. Let W be a subspace ofV^^\ 

If dim W > n - 1, then W n V^""!' ^ {0}. 

If dim W > 2n - 3, then W n V^"-^) 7^ {0} 

Proof. If W n V^""^^ = {0}, the L-K space V^") contains the direct sum W 

V("-i), which yields on the dimensions: dim W + ("-iK"-^) < nlizii. Jhen 
dim W < n - 1. Similarly, if >V n v'"-^) = {0}, we get 
dim W < - ("-^K"-^) = 2n - 3. □ 

Lemma 4. W/zen n > 6, zfe /ja^e "^"^""^^ > 2n — 3 and "^"^"'^^ > n — 1. 

By the claim and the lemma, the intersections W n V*^"~^^ and W n V^"~^^ are 
nontrivial. Since W is proper in V^"^, W cannot contain V^"~^^ Nor can it 
contain V^"-^^ Hence W n V^""^) (resp W n V^""^') is a proper nontrivial 
invariant subspace of V^""^-' (resp V'"^^-'). Now and lyt"^^) are both 

reducible. Since we assumed the main theorem to be true for and 
we get: 

_ 3 _i 1 i_\ r _ 3 _i 1 

Since ^ 1, r^("~^' 7^ 1 and r^" 7^ 1 when Tip^j.2(n) is semisimple, it only 
leaves the possibility I G {r, — r^}. 

When n = 8, if Z ^ {:^, ^, -^}, then we have dimW > 14 > 13 = 2 x 8 - 3. 
Hence the same method applies and yields again I G {r, — r^}. 
Thus, we have shown that if the representation is reducible and I { ^2^-3 , , - 
then I e {r, -r^}. □ 

5 Non semisimplicity of the BMW algebra for some 
specializations of its parameters 

In § 2.1, we let the Hecke algebra H act on the base field Fhy gi.l = r for all 
i G {3, . . . , n — 1}. If we consider the action given by ^fj.! = — ^ instead, F is 
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again a left iJ-module for this action and we get another left B-module of di- 
mension "^"^"''"'^ by considering again the tensor product Bi (g)^ F. We call this 
representation the conjugate L-K representation. By the symmetry of the roles 
played by r and — when n > 4 and Tip^r^ {n) is semisimple, the conjugate L- 
K representation is reducible exactly when I e {—7, 7^, — r^"^'^, r"^"^, — r"^"^}. 
In particular, when n > 6, since ^ ^ {r, — r^, -pjk^, -phs, —-ph^}/ the two 
representations are not equivalent. This is also true when n £ {4,5}. For 
instance, for the L-K representation, the trace of the matrix of the left action 
by gn-i is 7. _(_ 1 _ (^j _ 2) m. For the conjugate representation it is 

{-'-)+} -{n- 2) m. 
We note that Proposition 1 remains valid for the conjugate L-K representation. 
A consequence of this Proposition is that when the representation is reducible, 
it is indecomposable. Then the BMW algebra is not semisimple for the values 
of I and r for which the L-K representation or its conjugate representation are 
reducible. This is the statement of Theorem 2. 



6 Conclusion and future developments 

In 121, it is established that Ii / 12 is generically semisimple where Ii is the two- 
sided ideal BeiB and I2 the two-sided ideal generated by all the products e,ej 
with \i ~ j\ > 2. For each irreducible representation of the Hecke algebra of 
type An-2 of degree 9, the authors build a generically irreducible represen- 
tation of B/I2 of degree "■^'^^^'> Q and show that these are all the inequivalent 
generically irreducible representations of /1//2. One of the two so-built in- 
equivalent representations oi B/I2 of degree "'■"^"^^ is the Lawrence-Krammer 
representation. The other one is obtained from the first one by replacing r by 
— i. Since the representation Bi ®^ F built in this paper is a generically irre- 
ducible representation of B/I2 and its kernel does not contain /i, it must be 
equivalent to the Lawrence-Krammer representation. We think that the other 
generically irreducible /1//2 -modules are these with F replaced by an irre- 
ducible iJ-module and that by studying these representations we could show 
that Ii 1 12 is semisimple if and only if I and r don't take the specializations of 
the Main Theorem. 
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